We present a detailed study of the coupling-constant-averaged exchange-correlation hole density at a jellium surface, which we obtain in the random-phase approximation (RPA) of many-body theory. We report contour plots of the exchange-only and exchange-correlation hole densities, the integration of the exchange-correlation hole density over the surface plane, the on-top correlation hole, and the energy density. We find that the on-top correlation hole is accurately described by local and semilocal density-functional approximations. We also find that for electrons that are localized far outside the surface the main part of the corresponding exchange-correlation hole is localized at the image plane.
I. INTRODUCTION
The exchange-correlation (xc) energy of a manyelectron system is the only density functional that has to be approximated in the Kohn-Sham (KS) formalism of density-functional theory (DFT).
1 It is formally defined by the following equation derived from the HellmannFeynman theorem:
where n(r) is the density of a spin-unpolarized system of N electrons, U [n] = (1/2) drn(r)n(r ′ )/|r − r ′ | is the Hartree energy, and ρ λ 2 (r ′ , r) is the reduced two-particle density matrix 
Here, Ψ λ (r 1 σ 1 , ..., r N σ N ) is the antisymmetric wavefunction that yields the density n(r) and minimizes the expectation value ofT + λV ee , whereT = −
|ri−rj | are the kinetic energy and the electron-electron interaction operators. Eq. (2) shows that ρ λ 2 (r ′ , r)dr ′ dr is the joint probability of finding an electron of arbitrary spin in dr ′ at r ′ and an electron of arbitrary spin in dr at r, assuming that the Coulomb interaction is λ/|r − r ′ |. In the case of noninteracting KS electrons (i.e., λ = 0), ρ λ=0 2 (r ′ , r) is the exchange-only reduced two-particle density matrix that is expressible in terms of KS orbitals. (Unless otherwise stated, atomic units are used throughout, i.e., e 2 = = m e = 1.) Hence, the xc energy can be expressed as the electrostatic interaction between individual electrons and the corresponding (and sorrounding) coupling-constantaveraged xc hole densityn xc ([n]; r, r ′ ), as follows 
and e xc (r) is the xc energy density. The xc hole density n xc ([n]; r, r ′ ) is the result of three effects: self-interaction correction to the Hartree approximation, Pauli exclusion principle, and the electron correlation due to Coulomb repulsion between electrons.
The adiabatic-connection fluctuation-dissipation theorem provides an elegant path to the exact couplingconstant-averaged xc hole density, 3, 4, 5, 6 which can be written as follows
where χ λ (r, r ′ ; ω) is the density-response function of the interacting system at coupling strength λ and satisfies, in the framework of time-dependent density-functional theory (TDDFT), the following exact Dyson-type equation
Here, χ 0 (r, r ′ ; ω) is the density-response function of non-interacting KS electrons (which is exactly known in terms of KS orbitals 9 ) and f xc,λ [n](r, r ′ ; ω) is the Fourier transform with respect to time
where v λ xc [n](r, t) is the exact time-dependent xc potential of TDDFT. When f xc,λ [n](r, r ′ ; ω) is taken to be zero, Eq. (6) reduces to the random phase approximation (RPA). If the interacting density response function χ λ (r, r ′ ; ω) is replaced by the noninteracting KS densityresponse function χ 0 (r, r ′ ; ω), then Eq. (5) yields the exchange-only hole density.
The scaling relation of the correlation hole density at coupling constant λ 10,11 leads to the following equation for the coupling-constant-averaged correlation hole density:
where 0 < w << 1 is a fixed constant, and n γ (r) = γ 3 n(γr) is a uniformly-scaled density. 12 Eq. (8) shows that the whole many-body problem is equivalent to the knowledge of the universal correlation hole density at a small, fixed coupling strength w.
There is a "Jacob's ladder" 13 classification (in RPA and beyond RPA) of nonempirical approximations to the angle-averaged xc hole densitȳ
where dΩ is the differential solid angle around the direction of u = r ′ − r. The simplest rung of the ladder is the local spin density approximation (LSDA) of the xc hole densityn xc (n ↑ , n ↓ ; u) that has as ingredients only the spin densities. (For the RPA-based LSDA xc hole and for the LSDA xc hole, see Refs. 14,15 and Refs. 14,16,17, respectively.) The next rung is the generalized gradient approximation (GGA) xc hole densityn xc (n ↑ , n ↓ , ∇n ↑ , ∇n ↓ , u Ref. 20 .) The third rung on this ladder is the non-empirical meta-GGA xc hole density 21 n xc (n ↑ , n ↓ , ∇n ↑ , ∇n ↓ , τ ↑ , τ ↓ , u) that depends on spin densities and their gradients, as well as the positive KS kinetic energy densities τ ↑ and τ ↓ , and that was constructed to satisfy many exact constraints. (For an RPA-based meta-GGA xc hole model, see also Ref. 21.) Jellium is a simple model of a simple metal, in which the ion cores are replaced by a uniform positive background of densityn = 3/4πr k F is the magnitude of the bulk Fermi wavevector. At a jellium surface, the plane z = 0 separates the uniform positive background (z > 0) from the vacuum (z < 0), and the electrons can leak out into the vacuum. This electron system is translationally invariant in the plane of the surface.
The exchange hole at a jellium surface was studied in Ref. 22 (using a finite linear-potential model 23 ), and in Refs. 24,25 (using the infinite barrier model (IBM) 26 ). The behavior of the xc hole at a jellium surface was investigated at the RPA level using IBM orbitals. 27 Hence, existing calculations of the exchange-only and xc hole at a jellium surface invoke either a finite linear-potential model or the IBM for the description of single-particle orbitals. An exception is a self-consistent calculation of the RPA xc hole density reported briefly in Refs. 28 and 29, in which accurate LSDA single-particle orbitals were employed.
In this paper, we present extensive self-consistent calculations of the exact-exchange hole and the RPA xc hole at a jellium surface. We report contour plots of the corresponding hole densities, the integration of the xc hole density over the surface plane, and the on-top correlation hole. We find that the on-top RPA correlation holē n c ([n]; r, r) is accurately described by the on-top RPAbased LSDA hole, in accord with the work of Perdew et al.
5,30,31

II. THE EXACT-EXCHANGE HOLE AND THE RPA XC HOLE AT A JELLIUM SURFACE
Let us consider a jellium surface with the surface plane at z = 0. Using its translational invariance in a plane perpendicular to the z axis, the coupling-constant-averaged xc hole density of Eq. (5) can be written as follows
where r = |r || − r ′ || |, and q || is a two-dimensional (2D) wavevector. χ λ (q || , z, z ′ , ω) represents the 2D Fourier transform of the interacting density response function of Eq. (6), which in the RPA is obtained by neglecting the xc kernel f xc . The exact-exchange hole density is obtained by simply replacing in Eq. (10) χ λ (q || , z, z ′ , ω) by the corresponding KS noninteracting density response function χ 0 (q || , z, z ′ , ω). For the evaluation of Eq. (10), we follow the method described in Ref. 7 . We consider a jellium slab, and we assume that the electron density n(z) vanishes at a distance z 0 = 2λ F (λ F = 2π/k F is the bulk Fermi wavelength) from either jellium edge. 32 We expand the single-particle wave functions entering the evaluation of χ 0 (q || , z, z ′ , ω) in a sine Fourier representation, and the density-response functions χ 0 (q || , z, z ′ , ω) and χ λ (z, z ′ ; q , ω) in a doublecosine Fourier representation. We also expand the Dirac delta function entering Eq. (10) in a double-cosine representation (see Eq. (A2) of Ref. 7) . We take all the occupied and unoccupied single-particle orbitals and energies to be the LSDA eigenfunctions and eigenvalues of a KS Hamiltonian, as obtained by using the Perdew-Wang parametrization 33 of the Ceperley-Alder xc energy of the uniform electron gas.
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In the calculations presented below, we have considered jellium slabs with several bulk parameters r s and a thickness a = 2.23 λ F for the positive background. For r s = 2.07, such slab corresponds to about four atomic layers of Al(100) and it was used in the wavevector analysis of the RPA 35 and beyond-RPA 20,36 xc surface energy. In Figs. 1 and 2 , we show contour plots for the exactexchange hole density and the self-consistent RPA xc hole density, respectively. In the bulk, both the exchangeonly hole and the xc hole are spherical and the xc hole is more localized, as in the case of a uniform electron gas. Near the surface, both the exchange-only hole and the xc hole happen to be distorted, the center of gravity being closer to the surface when correlation is included. For an electron that is localized far outside the surface, the corresponding exchange-only hole and xc hole remain localized near the surface; Figs. 1 and 2 show that the introduction of correlation results in a flatter hole, which in the case of an electron that is infinitely far from the surface becomes completely localized at a plane parallel to the surface. This is the image plane. We recall that the RPA xc hole density is exact in the limit of large separations (where u = |r − r ′ | → ∞), and yields therefore the exact location of the image plane.
The integration of the xc hole density over the whole surface plane,
represents a quantity of interest for a variety of theoretical and experimental situations (see for example Refs. 37,38). Below we show that b xc ([n]; z, z ′ ) represents a suitable quantity to describe the behavior of the xc hole corresponding to a given electron located at an arbitrary distance from the surface. In Fig. 3 , we plot this quantity, versus z ′ , for r s = 2.07 and a given electron located at z = 0.5λ F , z = 0, z = −0.5λ F , and z = −1.5λ F . We see from this figure that (i) correlation damps out the oscillations that the exchange hole exhibits in the bulk part of the surface, and (ii) in the case of a given electron located far from the surface into the vacuum the main part of the exchange-only and the xc hole is found to be near the surface (see also Figs. 1  and 2 ), although the exchange-only hole appears to be much more delocalized with a considerable weight within the bulk.
Let us now focus on the on-top xc hole. The LSDA accurately accounts for short wavelength contributions to the xc energy; 30 thus, all the nonempirical approximations of the xc hole have been constructed to recover the LSDA on-top xc holen LSDA xc (r, r). The slowly-varying Figs. 1 and 2 . The bulk parameter is rs = 2.07 and the jellium surface is at z = 0. electron gas was treated within RPA by Langreth and Perdew 5 . For a spin-unpolarized system, the gradient correction to the LSDA on-top correlaton hole density is
In Fig. 4 , we show the on-top correlation hole for the exact RPA, the RPA-based LSDA (see Ref. 15 ) and the RPA-based GEA of Eq. (12) . We see that for a jellium surface the RPA-based LSDA on-top correlation hole nearly coincides with the corresponding exact RPA on-top correlation hole; this is in contrast with the case of strong inhomogeneous systems (e.g., Hooke's atom).
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The gradient correction of Eq. (12) improves the already accurate RPA-based LSDA on-top correlation hole in the slowly-varying density region, but is inacurate in the tail of the density. Fig. 4 also shows that the integrated b c (z, z) of Eq. (11) is more (less) negative in the vacuum (bulk) than the actual on-top correlation hole. At this point, we would like to emphasize that while the RPA on-top correlation hole in the bulk is too negative but finite, the on-top correlation hole diverges in the bulk within a TDDFT scheme that uses a wavevector and frequency independet xc kernel like in the adiabatic local-density approximation (ALDA) [n(r)] is the xc potential of a uniform electron gas of density n(r). An xc kernel borrowed from a uniform-gas xc kernel that has the correct largewavevector behavior (see, e.g., the xc kernels of Refs. 40, 41, 42) would yield a finite on-top correlation hole. 5 shows the integrated correlation hole of Eq. (11) for an electron at the vacuum side of the surface, at the position z = −0.5λ F and for several values of the electrondensity parameter r s : 1.5, 2.07, 3, 4, 5, and 6. In the bulk, the correlation hole exhibits damped oscillations with r s -dependent amplitude and a period that does not depend on the electron density and is close to the period (∼ 0.56λ F ) of the corresponding oscillations exhibited by the exchange-only hole.
Finally, we look at the xc energy density e xc defined in Eq.
(3). We note that adding to the actual e xc of Eq. (3) an arbitrary function of the position r that integrates to zero yields the same total xc energy. 43 The Laplacian of the density ∇ 2 n integrates to zero for finite systems, it plays an important role in the gradient expansion of the kinetic-energy density, 44, 45, 46 and it is an important ingredient in the construction of density-functional approximations for the kinetic energy density 44, 45 and the xc energy.
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We define the simplest possible Laplacian-level RPAbased LSDA (the RPA-based L-LSDA) xc energy density:
where C is a constant parameter which we find by minimizing the difference between e RP A−L−LSDA xc and e
RP A xc
. We find C = 0.3 for a jellium slab with r s = 2.07, and its value gets larger as r s increases.
In Fig. 6 , we show ∆e xc (z) = e (14) with C = 0.3). The bulk parameter is rs = 2.07, and the edge of the positive background is at z = 0. 
III. CONCLUSIONS
We have presented extensive self-consistent calculations of the exact-exchange hole and the RPA xc hole at a jellium surface.
We have presented a detailed study of the RPA xc hole density at a metal surface. When the electron is in the vacuum, its hole remains localized near the surface (its minimum is on the image plane) and has damped oscillations in the bulk. We find that the on-top correlation hole is accurately described by local and semilocal densityfunctional approximations, as expected from Ref. 5 . We also find that for an electron that is localized far outside the surface the main part of the corresponding xc hole is completely localized at a plane parallel to the surface, which is the image plane. Because of an integration by parts that occurs in the underlying gradient expansion, a GGA (or meta-GGA) hole is meaningful only after averaging over the electron density n(r). 18, 20 This average smooths the sharp cutoffs used in the construction of the angle-averaged GGA xc hole density. The wavevector analysis of the jelium xc surface energy is an important and hard test for the LSDA, GGA, and meta-GGA angle-averaged xc hole densities, showing not only the accuracy of the xc hole but also the error cancellation between their exchange and correlation contributions. Thus, Refs. 35 and 20,21 have shown that the TPSS meta-GGA 21 and the PBEsol GGA 20 xc hole densities improve considerably the accuracy of their LSDA and PBE counterparts at jellium surfaces, both within RPA and beyond RPA.
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The exchange energy density does not have a gradient expansion 49 , as does the kinetic energy density. However the existence of gradient expansion of the xc energy density is still an open problem. We use our RPA xc hole density to compare the xc energy densities of several approximations. The most accurate ones are ARPA GGA of Ref. 47 and RPA-based L-LSDA of Eq. (14) .
